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1.

INTRODUCTION
This Item introduces the concepts of linear elastic fracture mechanics (LEFM) and shows how these
concepts may be used for analysing the behaviour of cracked structures under static or fatigue loadings.
The concepts provide an analytical method based upon the stress intensity factor, which characterises the
stress distribution in the vicinity of the crack tip, and are valid in design applications provided that gross
yielding does not occur. Linear elastic fracture mechanics can be used to describe ultimate static failure of
low toughness high strength materials used in aerospace and other specialised applications. It should not
be used to describe static failure of high toughness low strength materials (for example, materials used in
the construction of pressure vessels). Under fatigue loading, crack growth rates can be correlated by the
stress intensity factor for a wide range of materials, because even in the more ductile materials the amount
of plastic flow that can occur under fatigue loading is restricted. It should not be used in cases where the
fatigue cycles involve extensive plastic deformation, often referred to as “low cycle” fatigue.
This Item describes the basic equations of the linear elastic fracture mechanics analysis and the limitations
of usage. Many of the data required in the application of these methods are provided in ESDU Data Items.
They may be located via the current ESDU Index.

2.

NOTATION

a

crack half-length for a crack free to extend at both
ends, or crack length for a crack free to extend at one
end only (see Section 3.1)

m

in

ac

critical crack length at failure

m

in

a0

initial crack length

m

in

a1

effective crack length

m

in

2b

characteristic dimension of component width

m

in

C

coefficient in simple crack growth rate law defined by
da/dN = C ( ∆K ) n

m(m3/2/N)n

m(m3/2/lbf)n

E

modulus of elasticity

N/m2

lbf/in2

G

release rate of potential energy per unit area

N/m

lbf/in

H

effective modulus of elasticity (see Section 5.1.2)

N/m2

lbf/in2

K

stress intensity factor (Mode I)

N/m3/2

lbf/in3/2

Kc

critical value of stress intensity factor (also plane stress
fracture toughness)

N/m3/2

lbf/in3/2
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K cl

stress intensity factor value at crack closure

N/m3/2

lbf/in3/2

Kp

stress intensity factor corrected for plasticity

N/m3/2

lbf/in3/2

KR

crack growth resistance

N/m3/2

lbf/in3/2

K0

reference value of K (see Section 3)

N/m3/2

lbf/in3/2

K Ic

plane strain fracture toughness in Mode I

N/m3/2

lbf/in3/2

∆K

stress intensity factor range

N/m3/2

lbfin/3/2

∆K eff

effective stress intensity factor range defined as
Kmax – Kcl

N/m3/2

lbf/in3/2

∆K p

stress intensity factor range corrected for plasticity

N/m3/2

lbf/in3/2

∆K TH

threshold value of ∆K

N/m3/2

lbf/in3/2

M

bending moment per unit thickness

(N m)/m

(lbf in)/in

N

number of load cycles

n

characteristic of slope of crack growth rate curve

P

point load per unit thickness

N/m

lbf/in

R

stress ratio, Smin/Smax

r

polar co-ordinate of stress in component

m

in

r'

hole radius in infinite plate

m

in

rp

plasticity correction term

m

in

S

nominal gross section stress in crack-free part of
component

N/m2

lbf/in2

Sc

critical stress at failure

N/m2

lbf/in2

t

thickness of component in region of crack tip

m

in

a

geometrical factor in stress intensity factor

a1

geometrical factor in stress intensity factor corrected
for plasticity

σy

yield (or 0.2 per cent proof) stress of material

N/m2

lbf/in2

σr

stress along axis of polar co-ordinate r

N/m2

lbf/in2

σ rθ

shear stress in rθ plane

N/m2

lbf/in2
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σθ

stress perpendicular to polar co-ordinate r

N/m2

lbf/in2

θ

angle of polar co-ordinate r from x-axis

rad

rad

v

Poisson’s ratio
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Suffixes
I, II and III

indicate crack opening modes (see Sketch 3.1)

max, min

indicate maximum and minimum values of stress or stress intensity factor in loading
cycle

f, i

indicate final and initial crack length (see Equation (4.10))

SI and British units are shown but any coherent system of units may be used.

3.

ANALYSIS OF CRACKED BODIES USING LINEAR ELASTIC FRACTURE MECHANICS
In analysing the stresses close to a crack tip, the concept of using elastic stress concentration factors breaks
down. This is because the crack tip radius is assumed to approach zero and hence the stress concentration
factor tends to approach infinity. The linear elastic fracture mechanics approach avoids this difficulty by
identifying certain characteristics of the stress field that surrounds the crack tip and analysing them, rather
than attempting analysis in terms of the ‘infinite’ stress at the crack tip. Allowances for a limited amount
of plastic flow at the crack tip may be made (see Section 3.1.1).
Cracks grow in a variety of ways and the stress fields that develop around the crack tips may be divided
into three basic modes. The modes are listed here and illustrated in Sketch 3.1. The Sketch shows small
sections, in the vicinity of the crack, of much larger components.
Mode I Tension, normal to the faces of the crack (opening mode)
Mode II Shear, normal to the crack front in the plane of the crack (edge sliding mode).
Mode III Shear, parallel to the crack front (tearing mode).
Mode I is the mode of crack opening that occurs most commonly and this Item is concerned with the analysis
of the Mode I opening only. Data obtained under one particular mode cannot be applied to any other mode.

Sketch 3.1 Illustrating the three basic modes of crack growth
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A two-dimensional loading model is used to describe the stress field but this model may be used to
approximate to many three-dimensional loading cases that are met in practice. Assuming the material
behaves in a linear elastic manner, the stresses σ r , σ θ , and σ rθ , developed in an element in the immediate
neighbourhood ( r « a ) of the tip of a crack in any loaded body, can be expressed in terms of the polar
co-ordinates r, θ (see Sketch 3.2), in the form (see References 3 and 10)
K
- f ( θ ) for r « a ,
σ r, σ θ, σ rθ = -------------------1/2
( 2πr )

(3.1)
1/2
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where f ( θ ) is a different function for each of the three stresses. The terms ( 2πr )
and f ( θ ) map the
stress field in the vicinity of the crack tip and they are the same for all cracks under any external loading
system that causes crack opening of the same mode. They are linked by a scale factor, the so-called crack-tip
stress-field-intensity factor, denoted K; the similarity of the mapping terms and the use of the scale factor
are the essence of linear elastic fracture mechanics. The scale factor, K, is a function of the nature and
magnitude of the applied stress levels, the crack size and other geometrical features, and is commonly
referred to as the stress intensity factor.*
The form of Equation (3.1) is applied to all the modes of crack opening.

Sketch 3.2 Illustrating co-ordinate system and notation used in crack tip analysis
The geometry of a structure and the nature of applied loads determine the intensity of the stress field in the
vicinity of the crack tip and hence the value of K, but do not affect the form of Equation (3.1). The stress
intensity factor, K, is a combination of various factors as described below and, where K is the same
for different cracks even though the applied stress levels and geometries may be different, the stress
fields very close to the crack tips will be identical. Experimental data have shown that crack growth and
residual strength data can be correlated better with K than other parameters.

*

In some solutions found in the literature the stress intensity factor is denoted by k where k = K/ ( π )1/2 (for example see References 14
and 18).
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The value of K depends upon the nominal applied stress, which is usually taken as the nominal gross section
stress, S, if the component were crack free, the crack length, a, and a term α that accounts for the effect of
different configurations of the crack and its surrounding boundaries. It is usually expressed by*
K = S ( πa )

1/2

α.

(3.2)
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The term α is non-dimensional and is usually expressed as a ratio of crack length to any convenient local
characteristic dimension in the plane of the component. Methods for finding solutions for α are described
in Section 3.1. For the simple case of a crack in an infinite sheet or plate subjected to a uniform stress, S,
1/2
remote from the crack, α = 1.0 and K becomes S ( πa ) .
In some cases K may have an alternative form to that of Equation (3.2) and need not necessarily be expressed
in terms of gross stress. For instance in cases where opposing loads P are applied at points close to the
plane of the crack K can be expressed as

K =

P
------------------ α ,
1/2
( πa )

(3.3)

where P is the load per unit thickness. Note that for this loading configuration the value of α will be different
from that in Equation (3.2) even for the same geometry.
Equations (3.2) and (3.3) may be expressed in terms of normalised stress intensity factors (see Reference
23) thus
K = K0 α ,

(3.4)

where K0 is the reference value of stress intensity appropriate to the type of loading considered. In simple
cases, such as the remotely loaded plate in tension, it is convenient to use
K 0 = S ( πa )

1/2

,

(3.5)

so that Equations (3.4) and (3.2) are identical and hence, for a given ratio of crack length to plate width,
the value of α is the same for both formulations. In more complex cases, such as the in-plane bending of
a plate of finite width 2b with central crack of length 2a, it may be convenient to express K0 as (Reference 24)
3M a
1/2
K 0 = ------------ ( πa ) ,
3
4b

(3.6)

where M is bending moment per unit thickness. By comparison with Equation (3.2) this implies that
S = 3Ma/4b3 which is not the conventional definition, but is the stress in the uncracked body at a distance
±a/2 from the central axis. Note that the value of α depends on the value of S that is chosen, for example,
S = 3M/2b2 for the outer fibre stress might have been chosen, instead of the value S = 3Ma/4b3used in
Equation (3.6).
The final value, K, must be independent of the form of presentation used. The use of Equations (3.2), (3.3)
and (3.4) will depend on the form of solutions available for K0 . Care must be taken that the formula used
*

In some presentations the term ( π ) 1/2 is incorporated into the geometrical factors so that Equation (3.2) may be expressed as
K = S ( a )1/2 α' , where α ' = ( π )1/2 α (see Reference 26).
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and the definition of nominal stress are consistent with those used in the derivation of the selected value of
α.
For any one material and environmental condition, test data relating crack propagation rate and residual
strength to K may be generated from relatively simple specimens and applied to cracks in other bodies for
which the K values are the same but result from different combinations of load and crack length. It may be
necessary to consider the extent of plastic flow in the vicinity of the crack tip and this is discussed in Section
3.1.1.

ESDU product issue: 2007-01. For current status, contact ESDU. Observe Copyright.

3.1

Solutions for K and α
There are several methods of obtaining K (see References 15, 17, 18, 23 and 24). The two most commonly
used methods are as follows.
(i)

Standard solutions for a wide variety of geometries and loading conditions are available from a
number of sources (see References 3, 5, 9, 14, 17, 18, 25 and 30). Where a component has more
than one type of loading, linear superposition may be used to obtain solutions for K. In cases where
a crack is influenced by a combination of geometries, and a standard solution is not available, the
compounding method may be used (see Reference 23 and Data Item No. 78036*).

(ii)

Finite element analysis methods using special procedures are also possible where the discontinuity
associated with a crack is incorporated.

The particular definition of crack length, a, used in solutions for K and α is a matter of convenience, but
care must be taken to ensure that the correct value of a is substituted into the appropriate expression. For
example, Sketches 3.3 and 3.4 give alternative presentations of the solution for a single crack starting from
a circular hole in an infinite sheet. Sketch 3.3 shows how α varies with the ratio of crack length to hole
radius (a/r') where a is defined as the crack length from the edge of the hole and r' is the “convenient local
characteristic dimension in the plane of the component” described in Section 3, earlier.

Sketch 3.3 Illustrating a definition of crack length that does not include the local geometry

*

Data Item No. 78036 “The compounding method of estimating stress intensity factors for cracks in complex configurations using solutions
from simple configurations”.
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An alternative presentation of the same case, but where the hole is considered as part of the crack length,
2a, is shown in Sketch 3.4. Note that for the two presentations K0 is different according to the definition of a.

Sketch 3.4 Illustrating a definition of crack length that includes the local geometry
To show that the two presentations give identical values for K, the following example is given.
(a)

Solution for K from Sketch 3.3
Assuming that the crack length is a = r′ , then from Sketch 3.3 for a ⁄ r′ = 1.0 , α = 1.37.
Substituting into Equation (3.2) the values of α and a, the solution for K is given by
K = 1.37S ( πr′ )

(b)

1/2

.

(3.7)

Solution for K from Sketch 3.4
In this case the crack length is a = 1.5r′ , and from Sketch 3.4 for a ⁄ r′ = 1.5 , α = 1.12.
Substituting into Equation (3.2) the values of α and a, the solution for K is given by
K = 1.12S ( π1.5r′ )

1/2

= 1.37S ( πr′ )

1/2

.

(3.8)

Hence, both methods give the same value of K.
A third solution for α would be obtained for this crack configuration if the crack length, a, were measured
from the crack tip to the centre of the hole (see Reference 25).
3.1.1

Plasticity correction under steadily increasing loading
As noted in Section 3, a modification may be necessary to account for the effect of plastic flow that occurs
in the vicinity of the crack tip. In such cases the size of the plastic zone is estimated and added to the real
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crack length to form an effective crack length, a1, which is used in place of a.
The size of the plastic zone is described in terms of a plasticity correction*, rp. For a crack in a component
the effective crack length is therefore estimated as
a1 = a + rp .

(3.9)
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Since α is a function of the crack length for a given geometry and loading, this factor should also be
corrected for plasticity to become α 1 corresponding to a1. The stress intensity factor corrected for plasticity
is denoted by Kp and Equation (3.2) may then be re-written thus
K p = S ( πa 1 )

1/2

α1 .

(3.10)

When calculating the value of rp it is necessary to consider the influence of component thickness on the
stress state which is triaxial very close to the crack tip. In linear elastic fracture mechanics it is accepted
that this triaxiality is less pronounced if the plastic zone surrounding the crack tip is large in relation to the
thickness (usually in thin components). In practical applications the stress state at the crack tip can be
described by one of the following three conditions,
(i)

plane strain – a triaxial stress state where the plastic zone is very small compared with component
thickness,

(ii)

plane stress – a biaxial stress state where the plastic zone is large compared with component
thickness and

(iii)

somewhere between (i) and (ii) above.

These stress states are more fully described in Section 5.1.1.
An estimate of the extent of the plastic zone, rp, for conditions of plane stress may be obtained for a particular
value of K (see Reference 4) from
1 K 2
a S 2 2
r p = ------  ------ or r p = ---  ------ α
2  σ y
2π  σ y

(3.11)

and it has been estimated empirically that, for plane stress conditions to apply when using linear elastic
fracture mechanics, r p > ( t ⁄ 2 ) so that, from Equation (3.11),
1 K 2
K 2
t < ---  ------ ≈ 0.32  ------ .
σ 
π  σ y
y

(3.12)

In the condition of plane strain the shape of the plastic zone is more complex but it is small and is taken to
be about one third of the plane stress plastic zone size (see Reference 4) so that
1 K 2
r p = ------  ------ .
6π  σ y
*

(3.13)

The quantity rp is commonly known as the radius of the plastic zone from analysis of the Mode III crack opening case in which the plastic
zone for small scale yielding is circular (see Reference 4). For Mode I crack opening the plastic zone is not circular but rp is retained as
a dimensional correction.
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For plane strain conditions to apply when using linear elastic fracture mechanics, it has been estimated
empirically that r p < ( t ⁄ 50 ) so that, from Equation (3.13),
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50 K 2
K 2
t > ------  ------ ≈ 2.5  ------ .
σ 
6π  σ y
y

(3.14)

When the stress situation is between plane stress and plane strain the plasticity correction employed should
be chosen so as to ensure that the more conservative answer is obtained. Although rp is a function of K,
and hence of Kp, it is not implied that the correction for a1 in Equation (3.10) should be re-estimated by
iteration.

4.

USE OF FRACTURE MECHANICS TO ESTIMATE FATIGUE CRACK PROPAGATION RATES
In fatigue loading situations the process that eventually leads to failure of components can be conveniently
divided into three successive stages, although the transition from one stage to the next is a continuous
process and boundaries cannot be precisely defined. The three stages are as follows.
(i)

Crystallographic slip and nucleation of cracks occurring on the atomic scale, of the order 10–9 m
(3.9 × 10–8 in) in length or less.

(ii)

Micro-growth of cracks ranging in length from 10–9 m (3.9 × 10–8 in) to about 10–4 m (3.9 × 10–3
in). The final stages of this phase may be just visible.

(iii)

Macro-growth commencing in cracks of about 10–4 m (3.9 × 10–3 in) in length and continuing up
to failure. By the time this stage is reached the cracks will be sufficiently large to grow as though
the material were a homogeneous continuum.

References 7 and 22 give detailed descriptions of the above stages. Where the crack size is of the order of
stages (i) and (ii) (often referred to as crack initiation), and where those stages take up a major part of the
life, then estimates of the fatigue life of components can be obtained using material or component S–N data
provided in the Data Items. However, if a component has a pre-existing crack of the order of the stage (iii)
size then the early stages may be by-passed and the life will be much shorter. In this condition the use of
linear elastic fracture mechanics is appropriate and the theory is applied primarily in two areas.
(a)

Estimating the life of structures or components that contain cracks or crack-like defects.

(b)

Establishing inspection intervals or permissible stress levels for cracked components. This will
generally necessitate prediction of the growth of a crack under the load history appropriate to one
inspection interval (or more) from an initial postulated crack. The length of the initial crack is
generally taken to be the maximum that might be missed by the inspection method to be used for
the component concerned. Crack growth prediction over one inspection interval, or more, is made
to check that the crack will not grow within the inspection interval to such a length that the residual
strength becomes inadequate. If the performance of the component is shown to be inadequate, it
may be necessary to reduce the stress level in the component or to consider shorter inspection
intervals in service.

The Data Items on crack propagation (referred to in Section 4.2) relate to the growth of visible macro-cracks,
Stage (iii) of the fatigue process. However, for short cracks (that is, less than 1 – 2 mm (0.039 – 0.079 in)
in many metallic materials) special data should be used, see Section 4.2.2.
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Application to Fatigue Crack Propagation
Under constant amplitude fatigue loading the crack propagation rate of a given crack depends primarily on
the range of stresses in the fatigue cycle, (Smax – Smin), and on the crack length. It is also influenced by the
stress ratio, R = Smin/Smax. In simple cases, the stress intensity factor concept allows account to be taken of
the two major terms by means of the stress intensity factor range, ∆K , defined by

ESDU product issue: 2007-01. For current status, contact ESDU. Observe Copyright.

∆K = K max – K min .

(4.1)

In its most simple, but not necessarily rigorous form, ∆K may be expressed as
∆K = ( S max – S min ) ( πa )

1/2

α.

(4.2)

The value of Kmax is always a function of Smax in the form of Equation (3.2). However, the value of Kmin
may be governed by crack closure effects, as discussed in Sections 4.1.3 and 4.2.2.
The effect of mean stress on fatigue crack propagation rate, whilst important, is usually less important than
the value of ∆K . Allowances for mean stress can however be introduced in terms of any convenient
parameter, such as the stress ratio, R, or the maximum stress intensity factor in the fatigue cycle, Kmax, or
the mean stress intensity factor in the fatigue cycle, Kmean.
4.1.1

Presentation and use of crack propagation data
Experimental fatigue crack growth data are usually obtained from tests on simple specimens and are
normally presented in terms of fatigue crack propagation rates (da/dN), ∆K and variations in values of R.
In cases where Smin is compressive the crack may close during the fatigue cycle and no clear convention
for calculating ∆K has been established. In the presentation of data for such conditions one of two
approaches generally will have been used.
(i)

The full range of the stress cycle will have been used when calculating ∆K .

(ii)

Only the tensile part of the cycle will have been considered, that is ∆K = Kmax , (as if Kmin = 0).

If results of independently derived test data are to be used, it is vital, when calculating ∆K for the
component being analysed, to use the same method as has been applied to the analysis and
presentation of the test data. The method of presentation of crack propagation rate data is stated in ESDU
Data Items that provide such data.
4.1.2

Plasticity correction under cyclic loading
The plasticity correction under cyclic loading is smaller than the comparable value under monotonic
loading. The change in stress at the crack tip due to cyclic loading is twice the value of the yield stress.
Equations (3.11) and (3.13) for determining the value of rp under steadily increasing loading conditions
are modified by replacing K by ∆K and replacing the yield stress value, σ y , by 2σ y . Neglecting the
possibility of crack closure therefore, for conditions of plane stress, Equation (3.11) becomes
1 ∆K 2
r p = ------  -------- ,
8π  σ y 

(4.3)
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and, for conditions of plane strain, Equation (3.13) becomes
1 ∆K 2
r p = ---------  -------- .
24π  σ y 

(4.4)
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The appropriate value of rp may then be added to the crack length, a, to obtain the effective crack length,
a1 , (as seen in Equation (3.9)) for cyclic loading situations so that Equation (4.2) can be expressed as
∆K p = ( S max – S min ) ( πa 1 )

1/2

α1

(4.5)

As stated in Section 3.1.1, α 1 is normally corrected for plasticity once only, that is without iteration.
Note that in situations where an overload produces a plastic zone that is large in relation to the plastic zone
due to cyclic loading, subsequent crack growth will be temporarily slowed. This phenomenon, primarily
caused by compressive residual stresses, is commonly known as retardation.
4.1.3

Crack tip shielding
Fatigue cracks may experience crack tip shielding, whereby the effective range of crack tip intensity, ∆K eff ,
is different from the nominal range, ∆K = K max – K min . One mechanism of crack tip shielding is termed
premature crack closure. A widely accepted model (see Reference 12) is that premature crack closure occurs
as a result of crack tip plasticity. As a crack grows through and beyond the boundaries of the original crack
tip plastic zone, a wake of plastically stretched material remains in the region through which the crack has
propagated. This is shown in Sketches 4.1a to 4.1c.
During the unloading part of the fatigue cycle, premature closure of the crack occurs in this plastic wake,
at Kcl, before zero nominal tensile stress has been reached whilst the actual tip of the crack within the active
plastic zone remains slightly open, see Sketches 4.1b and 4.1c. Hence, ∆Keff is less than the nominal ∆K ,
provided the calculated Kmin is less than Kcl. This effect is even more significant when the lead cycle has
a compressive portion, that is, when R is negative. When R is positive, premature crack closure effects are
reduced and eventually disappear at high R (typically R > 0.5 ), see Sketch 4.1d(iii).
Additional causes of crack tip shielding, other than the plastic wake effect, may also occur. These include
mismatch of crack face irregularities, lateral displacement of one crack surface relative to the other and
debris in the crack. All of these may allow the crack faces to touch thereby keeping the tip of the crack
slightly open, at and just above zero applied load. These and other models of crack tip shielding are reviewed
in Reference 31.

11
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Sketch 4.1 Crack tip shielding, schematic of premature crack closure
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Fatigue Crack Propagation Curves
For a wide variety of materials the fatigue crack propagation behaviour can be represented graphically by
curves similar to those shown in Sketch 4.2. These curves may be described in general terms by a law of
the form (Reference 1)
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da
------- = f ( R, ∆K ) .
dN

(4.6)

Sketch 4.2 Illustrating a typical set of crack growth rate curves
Many Data Items are available that present fatigue crack propagation rate data in a form similar to that
shown in Sketch 4.2 for a wide range of materials; these may be located via the current ESDU Index.
The fatigue crack propagation rate curves may be divided up into three regions (as illustrated). Region 1
–8
covers very slow crack growth rates (typically <10 m/cycle (3.9 × 10–7 in/cycle)) where the curves
approach a threshold value of stress intensity factor (that is, for no measurable crack growth). Region 2
covers the macro-crack growth rates (typically 10–8 to 10–6 m/cycle (3.9 × 10–7 to 3.9 × 10–5 in/cycle))
and this is the region where in typical practical cases (that is, components that contain pre-existing
macro-cracks) much of the life will take place. Region 3 covers fast crack growth rates (typically
–6
> 10 m/cycle (3.9 × 10–5 in/cycle)) in the region of instability and final failure. These three regions are
discussed briefly below and in detail in Sections 4.2.1, 4.2.3 and 5, respectively.
In Region 1, at low values of ∆K , in the region of the threshold value of stress intensity, ∆KTH , below
which macro-cracks will not grow, the slopes of crack propagation rate curves are high and the effect of
stress ratio, R, becomes increasingly more important. A crack growth rate of about 10–10 m/cycle
(3.9 × 10–9 in/cycle) (which is less than 1 lattice spacing/cycle) is usually sufficiently small to define
∆KTH , see Section 4.2.1.
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For crack growth rates in Region 2 it has been found that over small ranges of ∆K Equation (4.6) can be
represented by (see References 1 and 2)
n
da
------- = C ( ∆K ) ,
dN

(4.7)
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where the values of C and n are dependent upon the material properties and mean stress under consideration.
They define the intercepts and slopes of the crack propagation rate curves, and over small ranges of da/dN
and ∆K , within Region 2, their values remain approximately constant and Equation (4.7) is adequate. The
effect of changes in the value of R on crack growth rates may therefore be accounted for by changes in the
values of C and n within Region 2. Equation (4.7) however does not adequately describe the curves in
Regions 1 and 3 and therefore when using the equation to predict crack growth life these limitations should
be noted (see Section 4.2.3).
In Region 3, at high values of ∆K , the slopes of the crack propagation rate curves increase so that the value
of n → ∞ . In some materials the magnitude of ∆K at high crack growth rates approaches a limiting value
of ∆K such that
∆K
------------------- = K max → K or K c .
Ic
(1 – R)

(4.8)

It should be noted that crack propagation rate curves do not necessarily follow in detail the form of Sketch
4.2 and the value of K at failure in some materials is not necessarily the value of KIc or Kc (see Section 5.1),
particularly if plasticity becomes extensive, for example in the naturally aged aluminium alloys and in many
structural steels.
There have been many attempts made to derive laws that describe the complete crack propagation curves;
many of these laws are discussed in Reference 21. One example that has been used in aerospace applications
is the equation proposed in Reference 8. This expression takes into account the region of the curves as they
near the value of Kc at high crack growth rates but does not adequately describe the low crack growth rate
regime. It is expressed as
n

da
C(∆K)
------- = ------------------------------------------ .
( 1 – R )K c – ∆K
dN

(4.9)

The integration of Equations (4.7) and (4.9) by analytical or graphical methods enables the designer to
make an estimate of the crack growth life of a structure or component, see Section 4.2.3. The term “crack
growth life” in this case is simply the number of load cycles needed to make a crack grow from an initial
size (or length), a0, until it reaches an unacceptable length, ac, or an unacceptable crack growth rate is
reached, or failure of the component occurs, whichever is the design criterion. Note that in some cases it
may be necessary to check whether or not the fatigue cracked component is able to withstand a separate
static design loading.
4.2.1

Threshold stress intensity factor, ∆K TH
Flaws or crack-like defects in components will propagate under fatigue loading if the stress intensity factor
is above the threshold stress intensity factor, ∆KTH , for the particular material. If ∆K can be held below
the value of ∆KTH for the material then an effectively infinite fatigue life can be obtained despite the
presence of cracks and flaws. In practice this tends to lead to very low design stresses even for quite small
macro-cracks, but values of ∆KTH are of interest when designing lightly stressed components that are
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subjected to large numbers of service loadings. In cases where components are crack free or contain flaws
or cracks of the size defining Stages (i) and (ii) of Section 4 and are subjected to normal design stresses
then the crack initiation stage may occupy many loading cycles. The overall fatigue life will then include
both the initiation and propagation stages.

Sketch 4.3 Typical variation ∆K TH with stress ratio, R
Values of ∆K TH for materials appear to be very sensitive to variations in values of the stress ratio, R. They
have also been shown to be sensitive to component stress history, corrosive environment and the mechanical
and microstructural properties of the material. Some of these effects may be due to crack closure. As an
example, the effect of R is important at slow crack propagation rates particularly when considering low and
medium strength steels which in the normal crack propagation rate regime (Region 2 of Sketch 4.2) show
little sensitivity to changes in the value of R. Sketch 4.3 typically shows how ∆K TH varies with R for such
steels.
4.2.2

The short crack effect
When employing linear elastic fracture mechanics to analyse the propagation of cracks of different lengths,
significant differences in behaviour are observed between long cracks and short cracks. A short crack is
described as one that is microstructurally small, that is, its length is close to that of the dominant
microstructural dimension (grain size) and/or physically small, that is, not substantially larger than the
plastic zone at the crack tip.
When crack propagation rates are plotted against the nominal ∆K , as determined by linear elastic fracture
mechanics, the differences in behaviour between long and short cracks become apparent. Long cracks
display a threshold value of stress intensity factor range, ∆KTH , below which they do not propagate.
However, short cracks will often appear to have no measurable threshold value of ∆K and can grow at
values of ∆K below the long crack threshold value, ∆K TH . Also the propagation rates of short cracks, as
determined by linear elastic fracture mechanics, are often significantly higher than the propagation rates
of long cracks at the same values of ∆K and R. The differences in crack propagation rates tend to decrease
with increasing ∆K until both the long and short cracks have the same propagation rate. These differences
in behaviour are illustrated in Sketch 4.4.
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Crack tip shielding, and in particular the effect of premature crack closure, is a major factor in explaining
the differences in crack propagation behaviour between long and short cracks. As already seen in Section
4.1.3, in a long crack premature crack closure can shield the crack tip from the full fatigue cycle. The
effective stress intensity factor range, ∆K eff , is then less than the nominal stress intensity factor range, ∆K .

Sketch 4.4 Comparison of the crack propagation rates of typical long and short cracks and for
short cracks growing from a notch which arrests. All curves at a common value of stress ratio, R.
On the other hand whilst cracks are still within the initial plastic zone boundary, the wake of plastically
deformed material may not be fully developed. Hence, short cracks are unlikely to experience premature
crack closure. As a short crack grows, plastic wake effects will begin to develop more fully and its Kcl will
usually increase, resulting in a decrease in the value of ∆Keff , This reduction may negate, or even outweigh,
the natural increase in ∆K eff due to the increase in crack length. This effect is illustrated in Sketch 4.4. In
the extreme case of a microstructurally small crack developed at a notch, there may be a region of
non-propagation.
As has been explained, the assumptions of linear elastic fracture mechanics are not strictly valid for short
cracks. However, it is convenient to use the same method of analysis for both long and short cracks,
particularly in a damage tolerance analysis where a short crack is assumed to be the initial defect. It is
therefore necessary to allow for the short crack effect since, if only long crack data are used, inaccurate and
non-conservative endurances will be obtained.
Although it is extremely difficult to calculate K accurately for short cracks it is necessary to allow for short
crack behaviour. A geometric shape function, α , must be assumed for the crack (see References 24 and
30). As the crack grows it may change shape requiring a change in the shape function. If the shape function
is taken to be constant, large errors in K can result. The calculated stress intensity values, K, are only valid
for specific regions of the crack, for example, at the point of maximum depth in a semi-elliptical surface
crack. Short cracks are very susceptible to local stress fields that may differ from the assumed stress field,
for example, a short surface crack may experience a stress field resulting from surface treatment or
machining that is very different from the nominal stress field.
Short cracks often propagate along favoured crystallographic planes and the orientation of these planes can
change from one grain to another. Thus, short cracks will often propagate along a plane that is inclined to
the plane normal to the loading (for uniaxial loading). In such a case the short crack will be subjected to
16
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mixed mode loading. This is particularly likely in aluminium-lithium alloys which are noted for their
deviating and branching fatigue crack paths. Fatigue cracks in aluminium-lithium alloys also experience
higher levels of premature crack closure than conventional aluminium alloys. It is difficult to measure the
curvature of the crack tip and its orientation with respect to the plane normal to the loading. These factors
are not usually fully allowed for in the calculation of ∆K and the procedures are usually more complex. In
some cases a length is calculated based on the surface length of the crack and an assumed shape function.
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Data for short cracks presented using linear elastic fracture mechanics may be located via the current ESDU
Index. The data are accompanied by notes on their application.
4.2.3

Determination of fatigue crack growth life
In Region II, the analytical integration of Equations (4.7) and (4.9) over several discrete values of da/dN
and ∆K and summation of the discrete values of N will lead to an estimate of the fatigue crack growth life.
This integration procedure can only be readily performed analytically if the value of n is an integer greater
than 2 and the shape function factor, α , is in the form of a polynomial, f(a). For example the integration
of Equation (4.7) for the case of an infinite width plate ( α = 1.0) yields, provided that n ≠ 2 , the solution
Nf
[ N ]N
i

af

[ 1 – ( n/2 ) ]
1
a
= ----------------------------------------------------------- -------------------------- .
n
1/2
1 – ( n/2 ) a i
C [ ( S max – S min )π ]

(4.10)

Other solutions to the integral for finite width components may be found in References 31 and 32.
If Equations (4.7) and (4.9) cannot be readily integrated analytically, graphical solutions using step by step
summations of N over discrete ranges of da/dN and ∆K can be used. In yet more complex cases numerical
integration procedures may be used such as a Runge-Kutta method (see Reference 32, for example).
If the fatigue loading is not of constant amplitude the analysis of the loading spectrum may be achieved
using the methods described in Item No. 95006*. If constant amplitude fatigue crack propagation rate data
are used to analyse variable amplitude loading data then, generally, an underestimate of fatigue crack growth
life will be obtained. Also, if one or more tensile overloads occur during the fatigue loading cycle these
may produce a retardation effect on the crack growth and again the fatigue crack growth life will be
underestimated. If allowance is to be made for load sequence effects other models may have to be used
similar to those proposed in Reference 11.

*

Data Item No. 95006 in the Fatigue - Endurance Data Sub-series “Fatigue life estimation under variable amplitude loading using
cumulative damage calculations”.
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USE OF FRACTURE MECHANICS TO DESCRIBE STATIC FAILURE AND RESIDUAL
STRENGTH
In order to estimate the strength of a cracked component subject to steadily increasing loads or the residual
strength of a component in which a fatigue crack has grown, the designer must have data that are derived
from material toughness testing. Sections 5.1 and 5.1.1 discuss the concepts and definitions of fracture
toughness. Practical testing methods for obtaining fracture toughness are briefly outlined in Section 5.1.2.

5.1

Fracture Toughness

ESDU product issue: 2007-01. For current status, contact ESDU. Observe Copyright.

Material testing should be carried out in the environment of practical interest (for example, temperature,
humidity, strain rate, et cetera). In such testing the level of stress intensity is increased (by increasing the
load) on a suitable cracked specimen until the initial failure occurs. The range of behaviour extends from
brittle unstable fracture, with no apparent slow crack growth, through to crack growth or tearing that occurs
in a slow stable fashion until the specimen has separated. Within this range a variety of mechanical effects
may play a part, for example transitions between biaxial and triaxial stress states, growth of the plastic zone
and changes in the micro-mode of separation. The value of stress intensity at fracture is considered to be
the critical value and is known as the fracture toughness. It is designated either KIc (for thick sections where
it is regarded as a material property) or Kc (for thin sections where toughness depends on thickness and
developed plasticity). The underlying physical processes by which materials fracture are not yet fully
understood and detailed descriptions of crack growth are not attempted here. The stress states and their
associated plastic zones are discussed in more detail in Section 5.1.2.
To enable the designer to handle practical situations simplified concepts have been developed. These are
applicable to typical classes of fracture behaviour and are described as follows.
(i)

Unstable brittle fracture (fracture toughness denoted by KIc).

(ii)

Fast fracture accompanied by a small amount of plasticity (fracture toughness denoted by Kc).

(iii)

Fracture preceded by slow stable crack growth (fracture toughness denoted by Kc and obtained by
the R-curve method).

Concept (i) is normally encountered in thick sectioned components of relatively brittle materials, whereas
(ii) and (iii) are most likely to be encountered in relatively ductile materials and in thin sectioned
components. Concepts (ii) and (iii) may in fact describe the same phenomena although (ii) does not
explicitly include stable crack growth prior to failure. The R-curve approach of (iii) is discussed in detail
in Section 5.2. It presents curves (known as crack growth resistance curves) that indicate a change in material
toughness as stable crack growth occurs.
Apart from mechanical conditions that affect fracture, various environmental aspects may have a strong
influence on the material response ahead of a crack. For example, in some ferritic materials the toughness
deteriorates dramatically under conditions of high strain or low temperature.
5.1.1

Effect of thickness on plane strain and plane stress conditions
If the crack tip plastic zone is small in relation to the component thickness, then plastic contraction in the
through thickness direction is suppressed by the surrounding elastic material. Tensile stresses are set up in
the thickness direction of the plastic zone so that the stress state is triaxial. This condition is called Plane
Strain.
If the plastic zone is large compared with the component thickness, the triaxiality may be relaxed and the
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through thickness stresses normal to the plane of the component will be negligible. In this condition the
size of plastic zone is substantially constant through the component thickness and the stress state is biaxial.
The condition is called Plane Stress.
The stress conditions will influence the fracture toughness of materials. For example in thick components
in which a condition of plane strain is applicable, the triaxial stress state suppresses the plastic zone size
so that it is very small compared with the thickness and fracture toughness is low. Cracks develop normal
to the faces (often termed flat fractures) through most of the component thickness but near the surfaces
they may spread as shear fractures at 45° to the faces of the component (often termed shear lips). In thin
sheet components, relaxation of the triaxial stresses allows a condition of plane stress to be reached giving
an increase in the value of material fracture toughness. In plane stress conditions, cracks grow
predominantly obliquely through the thickness at 45° to the faces of the sheet and the resultant fractures
are denoted shear fractures. For intermediate thicknesses, fracture surfaces may be partly flat and become
partly oblique depending on the value of thickness and toughness and, indeed, some details of all fracture
behaviour depend on the type of material used.
Sketch 5.1 indicates a typical form of the relationship between fracture toughness and component thickness.
The transition between plane strain and plane stress extends over a near ten-fold range of thickness (see
Equations (3.12) and (3.14)).

Sketch 5.1 Typical form of relationship between fracture toughness and thickness
5.1.2

Practical testing to obtain KIc or Kc
For the purposes of conducting valid plane strain tests, the thickness of the specimen must be such that
2

K Ic 
t > 2.5 --------  .
 σy 

(5.1)

A state of plane strain (triaxial stress state) may still exist in a zone around the centre of a test specimen
that is less thick than this recommended value. It is essential that determination of fracture toughness must
be of the KIc type (discussed earlier) (Concept (i) of Section 5.1), and not of the Kc type if a conservative
prediction of fracture behaviour is preferred.
There are standard laboratory test procedures for determining values of KIc for thick components (see
References 33 and 34). Values of KIc for a selection of engineering steels are given in Data Item No. 83023*.
In an idealised form the load-displacement diagram obtained from the test is as shown in Sketch 5.2(a). In
*

Data Item No. 83023 in the Stress and Strength Sub-series, “Fracture toughness (KIc) values of some steels”.
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practice the load-displacement line is not perfectly straight because small amounts of plastic deformation
occur at the crack tip and small amounts of stable crack growth also occur, but if the diagram obtained is
reasonably linear (that is, there is less than 5 per cent change in the secant over the test) the fracture event
can still be described by KIc , see Sketch 5.2(b).

Sketch 5.2 Local displacement curves obtained in tests for KIc
For toughness tests that do not satisfy the strict KIc criteria described above and that correspond to the
conditions of Concept (ii) in Section 5.1, the point at which the crack propagates (unstable growth) is
determined by the best method available and the material fracture toughness obtained is denoted Kc. Often
a wide sheet is used for such a test and although there may be some stable crack growth this is neglected
when determining fracture toughness. The value of Kc obtained from such a test is not strictly a material
property, as is KIc , since it depends on material thickness and the amount of crack growth. Its value however
will be conservative if it is used as a design criterion for a much larger sheet or panel (for example an aircraft
wing panel).
If the load-displacement diagram shown in Sketch 5.2(b) is more non-linear than indicated and this
non-linearity is due to slow stable crack growth at stress levels that are still predominantly elastic, as
described in Concept (iii) of Section 5.1, then the case can be treated by the R-curve method which is
described in Section 5.2. Nevertheless, if the non-linearity is due to the effects of plasticity, then analysis
by linear elastic fracture mechanics may be inadequate. Methods of dealing with extensive plasticity have
been proposed, namely crack opening displacement (COD) and J-contour integral, but are not further
discussed here (see References 27 and 34).
The whole of the foregoing can be expressed in terms of a balance of energy rates. This concept is not
described here, but the stress intensity factor K, and the potential energy release rate, G, are related by the
equation
2

K = HG ,

(5.2)

where H is an effective modulus of elasticity such that, in the case of Mode I,
H = E for plane stress
and H = E/(1 – v2) for plane strain.
Such an expression provides an insight into the physical meaning of fracture toughness and K, since the
units of G are energy per unit area. This is equivalent to a force per unit thickness, as a result of which G
is often referred to as the “crack driving force”.
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5.2

80036
Crack Growth Resistance Curves (R-curves)
As discussed in Sections 5.1 and 5.1.2 for materials where fracture is preceded by slow stable crack growth,
fracture toughness (Kc) may be obtained by the use of crack growth resistance curves (commonly called
R-curves). These curves are a continuous record of toughness development in terms of crack growth
resistance, denoted KR, plotted against crack extension under continuously increasing values of stress
intensity factor, K (see Sketch 5.3). The R-curves characterise the resistance to fracture of material during
incremental slow-stable crack extension as a result of the growth of the plastic zone as the crack extends.
If a component, containing a crack or crack-like defect, and experiencing some plasticity in the vicinity of
the crack, is loaded by increments the crack will extend and stop after each increase in load. This condition
is defined as slow-stable crack growth. In this condition the value of material resistance, KR, is equal to the
applied value, K, at any given applied stress, S. As the applied stress increases the crack extends and
measurements of crack extension are made at each value of stress. Values of K are calculated using either
Equation (3.2) or (3.10), whichever is appropriate (note that plasticity corrections at the crack tip should
be made in accordance with Section 3.1.1).

Sketch 5.3 Typical R curve
Sketch 5.3 may also be presented in terms of G, the potential energy release rate and crack length, a. From
Sketch 5.3 it can be seen that, for the R-curve depicted, initially there is no visible crack growth as the stress
increases so that the stress intensity factor for the crack is initially K1 and then becomes K2. Further increases
in stress make the crack grow slowly and in a stable manner and the stress intensity factor increases from
K2 through to K4. Eventually the crack starts to grow more rapidly with only small increases in applied
stress and the stress intensity factor increases from K4 to K5 (the start of unstable crack growth) until it
reaches a point K6 where the specimen or component fails without further increases in stress. The applied
stress at the onset of unstable crack growth is normally used to calculate the critical stress intensity factor,
Kc, namely the fracture toughness in plane stress for a component of the same thickness. If the test specimen
or component is a very wide plate or sheet the value of the Kc obtained will be as referred to in Section 5.2.1.
A recommended practice for determining R-curves is given in Reference 37. Crack resistance curves are
usually determined for specimens of standard proportions but variable size, as recommended in the
appropriate testing standard. However, the size of the specimen will affect the extent of the curve that can
be obtained. Thus for ductile materials with high toughness it is not possible to use data obtained from
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small specimens to predict fracture instability behaviour in large structures. Data Item No. 85031* gives
resistance curve data for aluminium alloys, titanium alloys and steels.
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5.2.1

The determination of resistance curves for wide panel specimens
In order to provide basic data for the prediction of failure in large structures that experience slow stable
crack growth at overall elastic conditions of stress, crack resistance curves must be developed using large
specimens. However, the size of the specimen that can be tested will be influenced by the size of the available
test apparatus. For example, the testing standard for a centre crack tension (CCT) test piece requires that
the length of the test piece must be greater than 1.5 times the width in order for the test piece to be stressed
uniformly. Thus test pieces up to 2 m (78.7 in) wide would have to have a length of 3 m (118.1 in), requiring
a crosshead spacing on the test machine of approximately 4 m (157.5 in). Reducing the ratio of the specimen
length to width would allow testing without the need for greater crosshead spacing and would have the
added advantage of reducing the amount of test material required.
However, it is necessary to calibrate experimentally the normalised compliance specific to the non-standard
specimen to be used. A valid test can be conducted when the geometric correction factor (and hence the
stress intensity factor, K) and the compliance against normalised crack length calibration have been
determined for any required length to width ratio of less than 1.5 (for CCT specimens).
It has been shown that for CCT specimens valid tests can be carried out for non-standard specimen
geometries for a range of length to width ratios of between 2 and 0.5. Furthermore, it has been shown that
resistance curve tests carried out on a range of panel sizes showed good agreement (see Reference 36).

5.2.2

Use of R-curves
To predict the value of Kc, stress intensity factor curves for successively increased values of applied stress
are generated (Sketch 5.4). These curves are obtained by calculating values of K for a given geometry, as
a function of crack length for constant values of stress using the appropriate equations (either Equation
(3.2) or (3.10)). The stress intensity factor curve that is tangential to the R-curve defines the critical stress
intensity factor at the onset of unstable crack growth, for a critical crack length of ac. The critical crack
length prior to application of load is given by a, and is obtained empirically from the R-curve. Sketch 5.4
presents stress intensity factor curves S1 to S5 superimposed over R-curves for two different values of initial
crack length, a0A and a0B . The curve S5 is tangential to R-curve A and the point of tangency defines the
fracture toughness, KcA. Similarly the curve S2 is tangential to R-curve B and defines the fracture toughness,
KcB.
The R-curve is dependent upon specimen size, temperature and strain rate but its shape is independent of
initial crack length. Nevertheless, as seen in Sketch 5.4, the point of tangency of the stress intensity factor
curves, used to predict instability, is a function of initial crack length and hence unstable crack growth may
occur at different values of Kc (compare curves A and B of Sketch 5.4). See Data Item No. 85031* for a
more detailed explanation, worked examples and R-curve data.
One of the uses of the R-curve in design is to find a0; the method is to plot the stress intensity factor for the
limit load in the component under consideration on the KR diagram, for example S5 on Sketch 5.4, then to
move the R-curve along the axis of crack length, a, until a point of tangency to the stress intensity curves
is achieved. The critical initial crack length, a0A in this case, can then be read off the diagram.

*

Data Item No. 85031 in the Fatigue - Fracture Mechanics Sub-series “Crack resistance curves”.
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Sketch 5.4 Illustrating the use of R-curves
5.3

Residual Strength and Critical Crack Size
In Section 5.1, it is implied that fracture will occur when the stresses and strains reach a critical state,
described by the material fracture toughness, in either plane strain or plane stress. The residual strength of
a cracked body is a function of toughness, crack size and component configuration (which also influences
the geometric factor, α ). Equation (5.3) is based on the assumption that the static strength of the component
is reached when the stress intensity factor exceeds the fracture toughness. Note that components may fail
under static loading in those cases where, for instance, the net section stress exceeds the ultimate strength
prior to the stress intensity factor exceeding the fracture toughness. The treatment of the determination of
residual strength is discussed more fully in Reference 12. Expressed in terms of the applied stress, where
the theory of linear elastic fracture mechanics applies strictly, the residual strength is given by the
rearrangement of Equation (3.2),
Kc
S c = ------------------½
( πa ) α

(5.3)

Note that Sc is the gross stress on the section on which the function α is defined, whereas residual strength
implies a net section condition. In the case of plane strain, Kc = KIc . It is conservative to assume that
Kc = KIc if the detailed stress state is not known. The size of crack at this stress is called the “critical crack
size” for the configuration and loading in question and is given by the alternative rearrangement of Equation
(3.2). This is normally difficult to solve because α is a complicated function of crack length and component
geometry. Nevertheless, if the value of α varied slowly with crack size, for example for a relatively small
crack in a wide panel, an approximate value may be used and changes in the value of α as the crack grows
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may be ignored or allowed for by iteration. The rearranged equation is given by
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1  K c 2
a = ---  --------- .
π  S c α

(5.4)

Using either Equation (5.3) or (5.4), curves may be plotted for selected constant values of K as a function
of crack size and stress on a residual strength diagram (see Sketch 5.5). In those cases where the stress
intensity factor solution is available, the residual strength for a given configuration and loading may be
calculated knowing the fracture toughness of the material for a known crack size. A procedure for
calculating the residual strength of centre cracked panels is given in Reference 12 and for stiffened panels
in Reference 28.

Sketch 5.5 Typical plots of residual strength versus crack lengths for constant K

6.

FURTHER READING ON BASIC PRINCIPLES
References 16, 19, 20 and 35 provide further reading on the fundamentals of fracture mechanics and
Reference 28 gives some practical applications.

7.
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